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This work theoretically deals with the kinetics of the co-polycondensation of AB2 and AB type monomers
in the presence of multi-functional cores. The analytical expressions of the molecular size distribution
function and the molecular parameters of the resultant hyperbranched polymers were derived. The
general expressions are applicable for the copolymerization of AB2 and AB monomers and the poly-
merization of homogeneous AB2 or AB monomers in either presence or absence of cores. The feed ratio of
the core molecules (b) or the AB2 monomers (a) to the total monomers significantly affects the molecular
weight distribution and the molecular parameters of the products. The polydispersity index of the
copolymerization of AB2 and AB monomers without cores is infinite when the reaction approaches to
completion, while the presence of core molecules makes it become finite. The polydispersity index
decreases with decreasing a, which also decreases with increasing b. The higher the functionality of the
core (f), the lower the polydispersity index is as well.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

The hyperbranched polymers have been found more and more
applications due to their highly branched structure andmultitude of
end groups. An easy approach to hyperbranched polymers is the
polycondensationofABg-typemonomers (g�2)[1e3] and thebroad
molecularweight distribution (MWD)of theproducts formedcanbe
avoidedbyadding a little amountofmulti-functional coremolecules
into the reaction system [4]. In order to enhance the mechanical
properties of hyperbranched polymers, one of the popular
approaches is the copolymerization with AB and ABg-type mono-
mers, in which some linear segments can be incorporated into the
hyperbranched polymers obtained. Experimental results show that,
as the fraction of ABmonomer increases, the degree of branching of
the resultant products decreases and the mechanical properties are
accordingly improved [5e7]. Theoretically, these polymerizations
have been investigated systematically. Early in 1952, Flory[8] first
derived the molecular size distribution for the polycondensation of
ABg monomers and the co-polycondensation of ABg and AB mono-
mers bymeans of statistical analysis. Hawker et al. [9] and Kim et al.
[10] defined the degree of branching by comparing hyperbranched
polymers with the perfectly branched analogues, dendrimers. Frey
All rights reserved.
et al. [11e13] derived the expression of the degree of branching by
both statistical and kinetic methods for the hyperbranched poly-
mers made from ABg monomers. Müller, Yan and co-workers[14,15]
developed the kinetic theory of AB2 polycondensation, giving the
analytical expressions for the degree of branching and other
molecular parameters. Litvinenko et al. [16,17], Moller et al. [18],
Dusek et al. [19], Fawcett et al. [20,21] andGalina et al. [22] have also
discussed the theoretical aspect of the related polycondensation
systems indetail.Wehave reported the general kineticmodel for the
polycondensation of ABg-type monomers[23,24] and the ABg poly-
condensation in the presence of multi-functional core[25e27].
Chenget al. [28,29]dealtwith the similar topic bygeneratingalgebra
method. Thedetailed kinetic analysis for the co-polycondensationof
AB2 andABmonomershas alsobeenpresented inour researchgroup
[30e32].

Recently, a series of poly(ether ketone) copolymers were
prepared by nucleophilic aromatic polymerization reactions of
the AB monomer 4-fluoro-40-hydroxybenzophenone and the AB2
monomer bis(4-fluoro-phenyl)-(4-hydroxyphenyl)phosphine oxide
in the presence of a highly reactive core molecule, tris(3,4,5-
trifluorophenyl)phosphine oxide (B3) [33]. This can be denoted as
the co-polycondensation of AB and AB2monomers in the presence of
multi-functional core, by which the hyperbranched polymers with
both narrowMWD and goodmechanical properties can be prepared.
To the best of our knowledge, there isn’t a suitable theoretical
investigation on the model. We aim to develop the kinetic analysis
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for the co-polycondensation of AB2 and AB monomers in the pres-
ence of the multi-functional core and calculate the molecular
parameters for the resultant products in this work.

2. Kinetic analysis

For the co-polycondensation system of AB2 and AB type
monomers in the presence of multi-functional core molecule, Bf, let
N0, L0 and R0 denote the initial concentration of AB2 monomer, AB
one and core molecule, respectively. The reaction only takes place
between A and B groups. The species formed in the reaction system
can be denoted by Pn,l and Gn,l. The former represents the concen-
tration of the species with n AB2 units and l AB units (without core
molecule) and the latter denotes the concentration of the species
with n AB2 units, l AB units and a core molecule. The chemical
equations for the formation of species can be expressed as:

Pi;j þ Pn�i;l�j/Pn;l

Gi;j þ Pn�i;l�j/Gn;l

It can be known that there are exactly an unreacted A and n þ 1
B groups in every Pn,l species and there are n þ f B groups in every
Gn,l species. If the reactivities of all the functional groups are
identical and the intramolecular cyclization reactions are negli-
gible, the set of kinetic differential equations adapting to above
chemical equations read:

dG0;0

dt
¼ �fkG0;0

X
iþj>0

Pi;j (1)

dPn;l
dt

¼ k
2

X h
ðiþ 1ÞPi;jPn�i;l�j þ ðn� iþ 1ÞPn�i;l�jPi;j

i

0<iþj<nþl

� kPn;l

2
4ðnþ 1Þ

X
iþj>0

Pi;j þ
X
iþj>0

ðiþ 1ÞPi;j þ
X
iþj>0

ðiþ f ÞGi;j

3
5

¼ k
2

X
0<iþj<nþl

ðnþ 2ÞPi;jPn�i;l�j � kPn;l

2
4ðnþ 1Þ

X
iþj>0

Pi;j

þ
X
iþj>0

ðiþ 1ÞPi;j þ
X
iþj>0

ðiþ f ÞGi;j

3
5 ð2Þ

dGn;l

dt
¼ k

X
0�iþj<nþl

ðiþ f ÞGi;jPn�i;l�j � kðnþ f ÞGn;l

X
iþj>0

Pi;j (3)

where k represents the reactivity between an A group and a B
group. In Eqs. (2) and (3), the first term represents the generation
rate of the corresponding species and the second negative one
denotes the consumption.

The initial conditions of these equations are:

P1;0jt¼0 ¼ N0; P0;1jt¼0 ¼ L0; Pi;jðiþ j > 1Þjt¼0 ¼ 0
G0;0jt¼0 ¼ R0; Gi;jðiþ j > 0Þjt¼0 ¼ 0 (4)

The constraint conditions can be written as:X
nþl>0

n
�
Pn;l þ Gn;l

� ¼ N0 (5)

X
l
�
Pn;l þ Gn;l

� ¼ L0 (6)

nþl>0X
nþl�0

Gn;l ¼ R0 (7)
Since every Pi,j species, including both the residual monomers
and the polymer species, has only one A group, the conversion of A
groups is defined as:

x ¼
N0 þ L0 �

P
iþj>0

Pi;j

N0 þ L0
(8)

that is, the total concentration of A groups in the reaction system is

A ¼
X
iþj>0

Pi;j ¼ ðN0 þ L0Þð1� xÞ (9)

The concentration of the residual B groups is

B ¼ 2N0 þ L0 þ fR0 � ðN0 þ L0Þx (10)

Differentiating both sides of Eq. (9) leads to:

dA
dt

¼ �ðN0 þ L0Þ
dx
dt

(11)

On the other hand, the consumption of A groups fits:

dA
dt

¼ �kAB ¼ �kðN0 þ L0Þ2ð1� xÞð1� xþ rÞ (12)

with

r ¼ N0 þ fG0

N0 þ L0
¼ aþ fb (13)

The a ¼ N0/(N0 þ L0)is the initial mole fraction of the AB2
monomers to the total monomers and b the mole ratio of cores to
total monomers. Comparing Eq. (11) with Eq. (12) yields

dx
dt

¼ kðN0 þ L0Þð1� xÞð1þ r � xÞ (14)

Dividing Eqs. (1)e(3) by Eq. (14) and using the constraint
conditions [Eqs. (5)e(7)], we can transfer the variable from the time
(t) to the conversion of A groups (x) for the kinetic differential
equations.

dG0;0

dx
¼ � fG0;0

1þ r � x
(15)

dPn;l ¼ 1
8<1 1 X

ðnþ 2ÞPi;jPn�i;l�j
dx ð1� xÞð1þ r � xÞ:2 N0 þ L0 0<iþj<nþl

� Pn;l½ðnþ 2Þð1� xÞ þ r�
9=
; ð16Þ

dGn;l ¼ 1
8< 1 X

ðiþ f ÞGi;jPn�i;l�j
dx 1þ r � x:ðN0 þ L0Þð1� xÞ
0�iþj<nþl

� ðnþ f ÞGn;l

9=
; ð17Þ

3. Molecular size distribution and molecular parameters

After a laborious derivation, we can find the solutions to Eqs.
(15)e(17):

Pn;l ¼ðN0 þ L0Þ
ð2nþ lÞ!

n!l!ðnþ 1Þ!
ð1� xÞð1þ r � xÞ

x

"
axð1þ r � xÞ

ð1þ rÞ2
#n

�ð1� aÞx
1þ r

�l
ð18Þ
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Gn;l ¼ðN0 þ L0Þ
fbðf þ 2nþ l� 1Þ!�1þ r � x

�f
"
axð1þ r � xÞ
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Fig. 2. Typical weight distributions of the hyperbranched polymers formed from AB2

and AB type monomers in the presence of multi-functional cores with x ¼ 0.99, a ¼ 0.5
and b ¼ 0.005 at the specified value of f ¼ 5.WP: the distribution of Pn,l species;WG: the
distribution of Gn,l species.
n!l!ðf þ nÞ! 1þ r ð1þ rÞ2�ð1� aÞx
1þ r

�l
ð19Þ

The solution of G0,0 has been included in the general expression
of Eq. (19). Eqs. (18) and (19) are just the molecular size distribution
functions of the species formed from AB2 and AB type monomers in
the presence of multi-functional cores. If b¼ 0 and 0<a< 1, Eq. (18)
degenerates into the size distribution function reported for the co-
polycondensation of AB2 and AB type monomers[31]; If b ¼ 0 and
a¼ 0 or a¼ 1, it is reduced to linear polymerization of ABmonomer
or the polycondensation of AB2 monomers[14,15]; If b s 0 and
a¼ 0 or a¼ 1, these expressions reduce to that of the star-branched
polycondensation[25] or the polycondensation of AB2 monomers in
the presence of multi-functional cores [16,26].

The various molecular parameters can be obtained from these
distribution functions. Eqs. (7) and (9) are the respective zeroth
moments of Gn,l and Pn,l distributions, that is,

P
nþl>0

Pn;l ¼

ðN0 þ L0Þð1� xÞ and
P

nþl�0
Gn;l ¼ R0 ¼ bðN0 þ L0Þ. The first and

second moments are given in Appendix.
For the sake of simplicity, the core molecules can be neglected

when we investigate the molecular size distribution and the
average molecular size because it is just a small fraction. Then, the
normalized number-, weight-, and z-distribution of the molecular
size can be defined as:

NðiÞ ¼
P

j�i
�
Pj;i�j þ Gj;i�j

�
P

i�0;j�i
�
Pj;i�j þ Gj;i�j

� (20)

WðiÞ ¼
P

j�i i
�
Pj;i�j þ Gj;i�j

�
P

i>0;j�i i
�
Pj;i�j þ Gj;i�j

� (21)

ZðiÞ ¼
P

j�i i
2�Pj;i�j þ Gj;i�j

�
P

i>0;j�i i2
�
Pj;i�j þ Gj;i�j

� (22)

The number-distribution curves usually decrease monotonously
when x < 1. The pictorial relationships of the weight distribution of
the products are shown in Fig.1, with x¼ 0.99, a¼ 0.5, b¼ 0.005 and
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Fig. 1. Weight distributions of the hyperbranched polymers formed from AB2 and AB
type monomers in the presence of multi-functional cores with x ¼ 0.99, a ¼ 0.5 and
b ¼ 0.005 at the specified values of f. 1: f ¼ 1; 2: f ¼ 3; 3: f ¼ 5; 4: f ¼ 10.
the specified values of f ¼ 1, 3, 5 and 10, respectively. A bimodal
appears in some distribution curves, which should contribute to that
the products consist of two clusters, one is the group of Pn,l species
and the other is that of Gn,l species. Fig. 2 is a typical example of the
weight distributions of these two types of species, in which the low
molecular weight distribution results from the Pn,l species and the
high molecular weight distribution from the Gn,l species. Higher f
values and fraction of the core favour the formation of theGn,l species.
Therefore, with the increase in f and b, the peak of the Gn,l species
drifts toward the right (high degree of polymerization), and the other
drifts toward the left. The higher the value of f, the larger the space
between the two peaks is. For a low f, the distribution curve only has
a monomodal, due to a major overlap of these two distributions.

Fig. 3 shows the total z-distribution curves under the same
parameter conditions as those used in Fig. 1. Every z-distribution
curve has only amonomodal regardless of the value of f. It is evident
that the larger the functionality of the core, the narrower the
molecular weight distribution is, which is in agreement with that of
ABg-type polycondensation with multi-functional cores [26,27].
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Fig. 3. z-Distribution of the hyperbranched polymers formed from AB2 and AB type
monomers in the presence of multi-functional cores under the identical conditions
used in Fig. 1.
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The possibility of forming Gn,l species also decreases with the
increase in a. So it can be known that the weight distribution of the
molecular size varies from dimodal to monomodal by increasing
the fraction of AB2 type monomers, when the other reaction
conditions are specified.

Shown in Fig. 4 are the total z-distribution curves of the prod-
ucts obtained, with x ¼ 0.99, b ¼ 0.005, f ¼ 5, and the several
a values margined. The lower the a value, the narrower the
molecular weight distribution is.

When the molecular weight and the molecular weight distri-
bution of the products are investigated, the masses of the various
units and the core molecule should be involved. The number- and
the weight-average molecular weight are defined as, respectively:

Mn ¼

P
i;j

�ðim1 þ jm2ÞPi;j þ ðim1 þ jm2 þmRÞGi;j
	

P
i;j

�
Pi;j þ Gi;j

�

¼ m1aþm2ð1� aÞ þmRb

1� xþ b
(23)

Mw ¼

P
i;j

h
ðim1 þ jm2Þ2Pi;j þ ðim1 þ jm2 þmRÞ2Gi;j

i
P
i;j

�ðim1 þ jm2ÞPi;j þ ðim1 þ jm2 þmRÞGi;j
	 (24)

Where m1 and m2 represents the mass of AB2 and AB unit,
respectively, and mR denotes the mass of a core molecule. Accord-
ingly, the polydispersity index is PI ¼ Mw=Mn. The number- and
the weight-average molecular weights and the resultant poly-
dispersity index are easy to calculate by the various moments
derived above and themasses of units. When themasses of AB2 and
AB units are assumed to be identical, the averagemolecular weights
can be simplified as the average degree of polymerizations.

Pn ¼
P

i>0;j�i i
�
Pj;i�j þ Gj;i�j

�
P

i>0;j�i
�
Pj;i�j þ Gj;i�j

� ¼ 1
1� xþ b

(25)

Pw ¼
P

i>0;j�i i
2�Pj;i�j þ Gj;i�j

�
P

i
�
P þ G

�

i>0;j�i j;i�j j;i�j

¼ ð1þ rÞ2þ�
f ðf � 1Þb� 1� a2

	
x2

ð1þ r � x� axÞ2
(26)
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Fig. 4. z-Distribution of the hyperbranched polymers formed from AB2 and AB type
monomers in the presence of multi-functional cores with x ¼ 0.99, b ¼ 0.005 and f ¼ 5
at the specified values of a: 0.1, 0.2, 0.5 and 1.
Accordingly, it has:

PI’ ¼ Pw=Pn ¼ 1� xþ b

ð1þ r � x� axÞ2
n
ð1þ rÞ2þ

h
f ðf � 1Þb
�


1þ a2

�i
x2
o

ð27Þ

Taking the example of the polymerization reaction of the 4-
fluoro-40-hydroxybenzophenone (AB monomer) and the bis-(4-
fluorophenyl)-(4-hydroxyphenyl)phosphine oxide (AB2 monomer)
in the presence of a tris-(3,4,5-trifluorophenyl)phosphine oxide
(core molecule) [33], the dependence of the number-average
molecular weight of the resultant hyperbranched polymers calcu-
lated by Eq. (23) on the reaction extent of A groups and the fraction
of AB2 type monomers are shown in Fig. 5. The number-average
molecular weight increase slowly when x < 0.8 and it rises sharply
when the reaction approaches to completion. Shown in Figs. 6 and
7 is the dependence of polydispersity index on the reaction extent.
Initially the molecular weight distribution gets wider and wider
with the increase in x. When the reaction approaches to comple-
tion, it turns downwards and becomes considerably narrow
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Fig. 6. The dependence of the polydispersity index on the conversion of A groups, with
b ¼ 0.03, f ¼ 9 at the several specified values of a.
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ultimately. This may contribute to the fact that the species Pn,l
gradually disappear at that time. Before the end of the reaction,
polydispersity index increases with the increase in the faction of
AB2 monomers and it also increase with the decrease in f. Higher
b narrows the molecular weight distribution as well. Calculations
show that the difference of the polydispersity index between PI and
PI’ is negligible.

At the end of reaction, the polydispersity reads:

PI ¼ 1
f 2b

½2aðfbþ 1Þ þ fbðfbþ f þ 1Þ� (28)

The dependence relationship is identical with that of the general
self-condensing vinyl polymerization in the presence of the multi-
functional cores [34].

4. Conclusion and discussion

For the reaction system of co-polycondensation of AB2 and AB
type monomers in the presence of multi-functional cores, the feed
ratio of core molecules and AB2 monomers to the total monomers
considerably affects the molecular weight distribution and molec-
ular parameters of the resultant hyperbranched polymers. If a ¼ 1,
the reaction system degenerates to that of AB2 polycondensation
with core molecules[16,26] and, if a ¼ 0, it is the star-branched
polycondensation [25]. The molecular parameters of the hyper-
branched polymers can be controlled by adjusting the value of a.
Compared with the general copolymerization of AB2 and AB
monomerwithout core molecule, inwhich the polydispersity index
of the resultant polymers increasesmonotonouslywith the increase
in x, the presence of core molecules makes the polydispersity index
go down fast when the reaction approaches to completion and it
becomes very low ultimately. Higher concentrations of core mole-
cules and AB monomers favour the formation of Gn,l species and
afford the products with lower polydispersity as well.

The effect of the core molecules on the molecular parameters of
hyperbranched polymerization have been investigated theoreti-
cally by many authors [16,25,26,28,29,34e39]. In the recent work
[34] on the theoretical treatment of the general self-condensing
vinyl polymerization in the presence of multi-functional core
molecules, we have reported that the distribution curve of molec-
ular size appears a bimodal structure for the low stimulus
concentration and it varies from bimodal to monomodal with the
increase in the fraction of stimulus. A stimulus can activate an AB
monomer into an AB* inimer, so the reaction system also can be
taken as self-condensing vinyl copolymerization of AB monomer
and AB* inimer in the presence of core molecules. The calculated
results in this work for the co-polycondensation of AB2 and AB
monomers with core molecules have the similar characteristics
with it. For a lower fraction of AB2 type monomer, the weight
distribution curve of the total products has a bimodal structure and
it changes from bimodal to monomodal with the increase in the
fraction of AB2 monomer or the decrease in the fraction of core
molecules. These theoretical analysis can explain the experimental
molecular weight distribution of hyperbranched phenylacetylene
polymers formed from 3,5-diiodophenylacetylene (AB2 monomer)
in the presence of multi-functional core [40], in which monomodal
distributions were observed at low monomer/core ratios and, as
this ratio increases, a bimodal molecular weight distribution was
observed consisting of a sharp peak at high molecular weight and
a broad tail at low molecular weights.

At specified a and b, the number-average molecular weights
increase monotonously with increase in x. Experimental values
reported by Sennet et al. [33] show that they increase slightly with
the increase in the reaction temperature as well and are less than
that of ultimate theoretical results, which means that the ultimate
conversion of A groups may not approach 1 experimentally and it
may increases with the increase in temperature. In comparison
with the theoretical calculations, the conversion of A groups may
ranges from 0.97 to 0.99 in these experiments. The calculated
values of PI within the range of x are in good agreement with the
experimental data, 1.41e4.07, with a from 0.05 to 0.25.
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Appendix. The first and second moments of the distribution
functions

X
nPn;l ¼ ðN0 þ L0Þ

að1þ rÞð1� xÞ
1þ r � x� ax

(A1)

nþl>0

X
nþl>0

lPn;l ¼ ðN0 þ L0Þ
ð1� aÞð1þ rÞð1� xÞ

1þ r � x� ax
(A2)

X
nþl>0

n2Pn;l ¼ ðN0 þ L0Þ
að1þ rÞð1� xÞ
ð1þ r � x� axÞ3

h

1� 2a� a2

�
x2

� 2ð1� aÞð1þ rÞxþ ð1þ rÞ2
i

ðA3Þ

X
nþl>0

l2Pn;l ¼ ðN0 þ L0Þ
ð1� aÞð1þ rÞð1� xÞ
ð1þ r � x� axÞ3

h

a2 þ 4a� 1

�
x2

� 4að1þ rÞxþ ð1þ rÞ2
i

ðA4Þ

X
nþl>0

nlPn;l ¼ ðN0 þ L0Þ
að1� aÞð1þ rÞð1� xÞx

ð1þ r � x� axÞ3
½3ð1þ rÞ

� ð3þ aÞx� (A5)

X
nGn;l ¼ ðN0 þ L0Þ

fbax
(A6)
nþl�0
1þ r � x� ax
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X
lGn;l ¼ ðN0 þ L0Þ

fbð1� aÞx
1þ r � x� ax

(A7)

nþl�0

X
nþl�0

n2Gn:l ¼ðN0 þ L0Þ
fbax

ð1þ r � x� axÞ3
nh

1� ðf þ 1Þa� fa2
i
x2

� ½2� ðf þ 1Þa�ð1þ rÞxþ ð1þ rÞ2
o

ðA8Þ

X
nþl�0

l2Gn;l ¼ ðN0 þ L0Þ
fbð1� aÞx

ð1þ r � x� axÞ3
n


fa2 þ 4a� f
�
x2

� ½ðf þ 3Þa� f þ 1�ð1þ rÞxþ ð1þ rÞ2
o

ðA9Þ

X
nþl�0

nlGn;l ¼ ðN0 þ L0Þ
fbað1� aÞx2

ð1þ r � x� axÞ3
½ð2þ f Þð1þ rÞ
� ð2þ f þ faÞx� (A10)
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